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���

)ULGD\��$SULO��� &DOFXODWH�WKH�SRVVLEOH�RXWFRPHV�ZKHQ�VROYLQJ�D�
V\VWHP�RI�HTXDWLRQV�UHSUHVHQWLQJ�D�FLUFOH�DQG�D�OLQH��
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$GGLWLRQDO�1RWHV��:H�PLVV�\RX�DOO�YHU\�PXFK��

,�KRSH�WKDW�\RX�DUH�DOO�VWD\LQJ�VDIH�DQG�NHHSLQJ�WKDW�SRVLWLYH�DWWLWXGH�WKDW�\RX�DOZD\V�EULQJ�ZLWK�\RX�WR�FODVV��
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0RQGD\��0DUFK����
3UH�&DOFXOXV�8QLW��&KDSWHU��
/HVVRQ����6\VWHPV�RI�/LQHDU�(TXDWLRQV��7KUHH�YDULDEOHV�

2EMHFWLYH��(OLPLQDWH�RQH�YDULDEOH�DW�D�WLPH�WR�DFKLHYH�XSSHU�WULDQJXODU�IRUP��

127(��,�ZLOO�EH�SURYLGLQJ�VRPH�H[DPSOHV�VSHFLILF�WR�WKLV�OHVVRQ��3OHDVH�KLJKOLJKW�WKH�NH\�SRLQWV�DV�\RX�UHDG�
WKURXJK�WKLV�HQWLUH�OHVVRQ�RU�WDNH�QRWHV�LQ�WKH�PDUJLQ��$W�WKH�HQG�RI�WKH�OHVVRQ��WKH�OLVW�RI�TXHVWLRQV�LQ�WKH�
H[HUFLVH�DUH�WR�EH�FRPSOHWHG�WR�HQVXUH�PDVWHU\��

3UHSDULQJ�IRU�WKLV�VHFWLRQ���
,Q�RUGHU�WR�VROYH�V\VWHPV�RI�HTXDWLRQV�LQ�WKUHH�YDULDEOHV��NQRZQ�DV�WKUHH�E\�WKUHH�V\VWHPV��WKH�SULPDU\�WRRO�ZH�
ZLOO�EH�XVLQJ�LV�FDOOHG�*DXVVLDQ�HOLPLQDWLRQ��QDPHG�DIWHU�WKH�SUROLILF�*HUPDQ�PDWKHPDWLFLDQ�.DUO�)ULHGULFK�
*DXVV��:KLOH�WKHUH�LV�QR�GHILQLWLYH�RUGHU�LQ�ZKLFK�RSHUDWLRQV�DUH�WR�EH�SHUIRUPHG��WKHUH�DUH�VSHFLILF�JXLGHOLQHV�
DV�WR�ZKDW�W\SH�RI�PRYHV�FDQ�EH�PDGH��:H�PD\�QXPEHU�WKH�HTXDWLRQV�WR�NHHS�WUDFN�RI�WKH�VWHSV�ZH�DSSO\��7KH�
JRDO�LV�WR�HOLPLQDWH�RQH�YDULDEOH�DW�D�WLPH�WR�DFKLHYH�XSSHU�WULDQJXODU�IRUP��WKH�LGHDO�IRUP�IRU�D�WKUHH�E\�WKUHH�
V\VWHP�EHFDXVH�LW�DOORZV�IRU�VWUDLJKWIRUZDUG�EDFN�VXEVWLWXWLRQ�WR�ILQG�D�VROXWLRQ��[��\��]���ZKLFK�ZH�FDOO�DQ�
RUGHUHG�WULSOH��$�V\VWHP�LQ�XSSHU�WULDQJXODU�IRUP�ORRNV�OLNH�WKH�IROORZLQJ���

$[���%\���&]� �'�
����������(\���)]� �*�
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7KH�WKLUG�HTXDWLRQ�FDQ�EH�VROYHG�IRU�]��DQG�WKHQ�ZH�EDFN�VXEVWLWXWH�WR�ILQG�\�DQG�[���

7R�ZULWH�WKH�V\VWHP�LQ�XSSHU�WULDQJXODU�IRUP��ZH�FDQ�SHUIRUP�WKH�IROORZLQJ�RSHUDWLRQV���
�� ,QWHUFKDQJH�WKH�RUGHU�RI�DQ\�WZR�HTXDWLRQV��
�� 0XOWLSO\�ERWK�VLGHV�RI�DQ�HTXDWLRQ�E\�D�QRQ]HUR�FRQVWDQW��
�� $GG�D�QRQ]HUR�PXOWLSOH�RI�RQH�HTXDWLRQ�WR�DQRWKHU�HTXDWLRQ�

7KH�VROXWLRQ�VHW�IRU�WR�D�WKUHH�E\�WKUHH�V\VWHP�LV�DQ�RUGHUHG�WULSOH�^�[��\��]�`��*UDSKLFDOO\��WKH�RUGHUHG�WULSOH�
GHILQHV�WKH�SRLQW�WKDW�LV�WKH�LQWHUVHFWLRQ�RI�WKUHH�SODQHV�LQ�VSDFH���

<RX�FDQ�YLVXDOL]H�VXFK�DQ�LQWHUVHFWLRQ�E\�LPDJLQLQJ�DQ\�FRUQHU�LQ�D�UHFWDQJXODU�URRP��$�FRUQHU�LV�GHILQHG�E\�
WKUHH�SODQHV��WZR�DGMRLQLQJ�ZDOOV�DQG�WKH�IORRU��RU�FHLOLQJ���$Q\�SRLQW�ZKHUH�WZR�ZDOOV�DQG�WKH�IORRU�PHHW�
UHSUHVHQW�WKH�LQWHUVHFWLRQ�RI�WKUHH�SODQHV��
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([DPSOH��'HWHUPLQLQJ�:KHWKHU�DQ�2UGHUHG�7ULSOH�,V�D�6ROXWLRQ�WR�D�6\VWHP�
'HWHUPLQH�ZKHWKHU�WKH�RUGHUHG�WULSOH�����í������LV�D�VROXWLRQ�WR�WKH�V\VWHP��

�[���\���]� ����
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6ROXWLRQ��:H�ZLOO�FKHFN�HDFK�HTXDWLRQ�E\�VXEVWLWXWLQJ�LQ�WKH�YDOXHV�RI�WKH�RUGHUHG�WULSOH�IRU�[��\��DQG�]��
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*LYHQ�D�OLQHDU�V\VWHP�RI�WKUHH�HTXDWLRQV��VWHSV�WR�VROYH�IRU�WKUHH�XQNQRZQV���
�� 3LFN�DQ\�SDLU�RI�HTXDWLRQV�DQG�VROYH�IRU�RQH�YDULDEOH�
�� 3LFN�DQRWKHU�SDLU�RI�HTXDWLRQV�DQG�VROYH�IRU�WKH�VDPH�YDULDEOH��
�� <RX�KDYH�FUHDWHG�D�V\VWHP�RI�WZR�HTXDWLRQV�LQ�WZR�XQNQRZQV��6ROYH�WKH�UHVXOWLQJ�WZR�E\�WZR�V\VWHP��
�� %DFN�VXEVWLWXWH�NQRZQ�YDULDEOHV�LQWR�DQ\�RQH�RI�WKH�RULJLQDO�HTXDWLRQV�DQG�VROYH�IRU�WKH�PLVVLQJ�

YDULDEOH�

([DPSOH��6ROYLQJ�D�6\VWHP�RI�7KUHH�(TXDWLRQV�LQ�7KUHH�9DULDEOHV�E\�(OLPLQDWLRQ�

)LQG�D�VROXWLRQ�WR�WKH�IROORZLQJ�V\VWHP��

6ROXWLRQ��7KHUH�ZLOO�DOZD\V�EH�VHYHUDO�FKRLFHV�DV�WR�ZKHUH�WR�EHJLQ��EXW�WKH�PRVW�REYLRXV�ILUVW�VWHS�KHUH�LV�WR�
HOLPLQDWH�[�E\�DGGLQJ�HTXDWLRQV�����DQG������
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'LUHFWLRQV�IRU�FRPSOHWLQJ�WKH�H[HUFLVHV���
�� &UHDWH�D�SDFNHW�IRU�FRPSOHWHG�H[HUFLVHV��,�ZDQW�\RX�VWDSOH�WRJHWKHU�VHYHUDO�SDSHUV�ZLWK�D�WLWOH�SDJH�

³([HUFLVHV�IRU�3UH�&DOFXOXV´�
�� $W�WKH�WRS�RI�HDFK�H[HUFLVH�FRPSOHWLRQ�SDJH��WLWOH�DV�VXFK��([HUFLVHV�IRU�0RQGD\��0DUFK���WK�VROYLQJ�

OLQHDU�HTXDWLRQV���
�� $IWHU�\RX�ILQLVK�WKH�HQWLUH�H[HUFLVH��SOHDVH�FKHFN�\RXU�DQVZHUV�ZLWK�WKH�DQVZHU�NH\�DW�WKH�HQG�RI�WKH�

SDFNHW�DQG�DWWHPSW�FRUUHFWLRQ���

([HUFLVHV�IRU�0RQGD\��0DUFK�����������

�� 6ROYH�WKH�V\VWHP�RI�HTXDWLRQV�LQ�WKUHH�YDULDEOHV��
�[���\�í��]� �í���
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�� 'HWHUPLQH�ZKHWKHU�WKH�RUGHUHG�WULSOH�JLYHQ�LV�WKH�VROXWLRQ�WR�WKH�V\VWHP�RI�HTXDWLRQV��
�[�í�\����]� ����
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�� 6ROYH�WKH�V\VWHP�E\�*DXVVLDQ�HOLPLQDWLRQ��

����������[���\���]� �����
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�� 6ROYH�HDFK�V\VWHP�E\�*DXVVLDQ�HOLPLQDWLRQ�
����[���\���]� ����
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$Q\�TXHVWLRQV�ULJKW�QRZ"�3OHDVH�HPDLO�PH�DW�PHOLVD�ZDOWHUV#JUHDWKHDUWVQRUWKHUQRDNV�RUJ

7XHVGD\��0DUFK����
3UH�&DOFXOXV��FKDSWHU���
/HVVRQ����,GHQWLI\LQJ�,QFRQVLVWHQW�6\VWHPV�RI�(TXDWLRQV�&RQWDLQLQJ�7KUHH�9DULDEOHV�

2EMHFWLYH��,GHQWLI\�,QFRQVLVWHQW�6\VWHPV�RI�(TXDWLRQV�&RQWDLQLQJ�7KUHH�9DULDEOHV�

127(��,�ZLOO�EH�SURYLGLQJ�VRPH�H[DPSOHV�VSHFLILF�WR�WKLV�OHVVRQ��3OHDVH�KLJKOLJKW�WKH�NH\�SRLQWV�DV�\RX�UHDG�
WKURXJK�WKLV�HQWLUH�OHVVRQ�RU�WDNH�QRWHV�LQ�WKH�PDUJLQ��$W�WKH�HQG�RI�WKH�OHVVRQ��WKH�OLVW�RI�TXHVWLRQV�LQ�WKH�
H[HUFLVH�DUH�WR�EH�FRPSOHWHG�WR�HQVXUH�PDVWHU\��

/HVVRQ���
-XVW�DV�ZLWK�V\VWHPV�RI�HTXDWLRQV�LQ�WZR�YDULDEOHV��ZH�PD\�FRPH�DFURVV�DQ�LQFRQVLVWHQW�V\VWHP�RI�HTXDWLRQV�LQ�
WKUHH�YDULDEOHV��ZKLFK�PHDQV�WKDW�LW�GRHV�QRW�KDYH�D�VROXWLRQ�WKDW�VDWLVILHV�DOO�WKUHH�HTXDWLRQV���

7KH�HTXDWLRQV�FRXOG�UHSUHVHQW�WKUHH�SDUDOOHO�SODQHV��WZR�SDUDOOHO�SODQHV�DQG�RQH�LQWHUVHFWLQJ�SODQH��RU�
WKUHH�SODQHV�WKDW�LQWHUVHFW�WKH�RWKHU�WZR�EXW�QRW�DW�WKH�VDPH�ORFDWLRQ�
7KH�SURFHVV�RI�HOLPLQDWLRQ�ZLOO�UHVXOW�LQ�D�IDOVH�VWDWHPHQW��VXFK�DV��� ���RU�VRPH�RWKHU�FRQWUDGLFWLRQ�

([DPSOH��6ROYLQJ�DQ�,QFRQVLVWHQW�6\VWHP�RI�7KUHH�(TXDWLRQV�LQ�7KUHH�9DULDEOHV�
6ROYH�WKH�IROORZLQJ�V\VWHP���

[�í��\���]� ��������
���������í[����\�í��]� �������
������[�í���\�����]� �������

6ROXWLRQ��/RRNLQJ�DW�WKH�FRHIILFLHQWV�RI�[��ZH�FDQ�VHH�WKDW�ZH�FDQ�HOLPLQDWH�[�E\�DGGLQJ�HTXDWLRQ�����WR�
HTXDWLRQ������
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7KH�ILQDO�HTXDWLRQ��� ���LV�D�FRQWUDGLFWLRQ��VR�ZH�FRQFOXGH�WKDW�WKH�V\VWHP�RI�HTXDWLRQV�LQ�LQFRQVLVWHQW�DQG��
WKHUHIRUH��KDV�QR�VROXWLRQ��

$QDO\VLV��,Q�WKLV�V\VWHP��HDFK�SODQH�LQWHUVHFWV�WKH�RWKHU�WZR��EXW�QRW�DW�WKH�VDPH�ORFDWLRQ��7KHUHIRUH��WKH�V\VWHP�
LV�LQFRQVLVWHQW��

6WHSV�WR�VROYH�XVLQJ�WKH�VXEVWLWXWLRQ�PHWKRG��JLYHQ�D�V\VWHP�RI�WZR�HTXDWLRQV�LQ�WZR�YDULDEOHV���
�� 6ROYH�RQH�RI�WKH�WZR�HTXDWLRQV�IRU�RQH�RI�WKH�YDULDEOHV�LQ�WHUPV�RI�WKH�RWKHU���
�� 6XEVWLWXWH�WKH�H[SUHVVLRQ�IRU�WKLV�YDULDEOH�LQWR�WKH�VHFRQG�HTXDWLRQ��WKHQ�VROYH�IRU�WKH�UHPDLQLQJ�

YDULDEOH��
�� 6XEVWLWXWH�WKDW�VROXWLRQ�LQWR�HLWKHU�RI�WKH�RULJLQDO�HTXDWLRQV�WR�ILQG�WKH�YDOXH�RI�WKH�ILUVW�YDULDEOH��,I�

SRVVLEOH��ZULWH�WKH�VROXWLRQ�DV�DQ�RUGHUHG�SDLU��
�� &KHFN�WKH�VROXWLRQ�LQ�ERWK�HTXDWLRQV��

([HUFLVH�IRU�0DUFK����������
6ROYH�WKH�V\VWHP�RI�WKUHH�HTXDWLRQV�LQ�WKUHH�YDULDEOHV����

[���\���]� ����
\�í��]� ����
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$Q\�TXHVWLRQV�ULJKW�QRZ"�3OHDVH�HPDLO�PH�DW�PHOLVD�ZDOWHUV#JUHDWKHDUWVQRUWKHUQRDNV�RUJ
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:HGQHVGD\��$SULO����������
3UH�&DOFXOXV��FKDSWHU���
/HVVRQ����([SUHVVLQJ�WKH�6ROXWLRQ�RI�D�6\VWHP�RI�'HSHQGHQW�(TXDWLRQV�&RQWDLQLQJ�7KUHH�9DULDEOHV�

2EMHFWLYH���(YDOXDWH�WKH�V\VWHP�LQ�RUGHU�WR�LGHQWLI\�LI�LW�LV�DQ�LQFRQVLVWHQW�V\VWHP�RI�WKUHH�HTXDWLRQV�LQ�WKUHH�
YDULDEOHV

127(��,�ZLOO�EH�SURYLGLQJ�VRPH�H[DPSOHV�VSHFLILF�WR�WKLV�OHVVRQ��3OHDVH�KLJKOLJKW�WKH�NH\�SRLQWV�DV�\RX�UHDG�
WKURXJK�WKLV�HQWLUH�OHVVRQ�RU�WDNH�QRWHV�LQ�WKH�PDUJLQ��$W�WKH�HQG�RI�WKH�OHVVRQ��WKH�OLVW�RI�TXHVWLRQV�LQ�WKH�
H[HUFLVH�DUH�WR�EH�FRPSOHWHG�WR�HQVXUH�PDVWHU\��

/HVVRQ����
:H�NQRZ�IURP�ZRUNLQJ�ZLWK�V\VWHPV�RI�HTXDWLRQV�LQ�WZR�YDULDEOHV�WKDW�D�GHSHQGHQW�V\VWHP�RI�HTXDWLRQV�KDV�DQ�
LQILQLWH�QXPEHU�RI�VROXWLRQV��7KH�VDPH�LV�WUXH�IRU�GHSHQGHQW�V\VWHPV�RI�HTXDWLRQV�LQ�WKUHH�YDULDEOHV��$Q�LQILQLWH�
QXPEHU�RI�VROXWLRQV�FDQ�UHVXOW�IURP�VHYHUDO�VLWXDWLRQV��7KH�WKUHH�SODQHV�FRXOG�EH�WKH�VDPH��VR�WKDW�D�VROXWLRQ�WR�
RQH�HTXDWLRQ�ZLOO�EH�WKH�VROXWLRQ�WR�WKH�RWKHU�WZR�HTXDWLRQV��$OO�WKUHH�HTXDWLRQV�FRXOG�EH�GLIIHUHQW��EXW�WKH\�
LQWHUVHFW�RQ�D�OLQH��ZKLFK�KDV�LQILQLWH�VROXWLRQV��2U�WZR�RI�WKH�HTXDWLRQV�FRXOG�EH�WKH�VDPH�DQG�LQWHUVHFW�WKH�WKLUG�
RQ�D�OLQH��

([DPSOH��)LQGLQJ�WKH�6ROXWLRQ�WR�D�'HSHQGHQW�6\VWHP�RI�(TXDWLRQV�

)LQG�WKH�VROXWLRQ�WR�WKH�JLYHQ�V\VWHP�RI�WKUHH�HTXDWLRQV�LQ�WKUHH�YDULDEOHV��
�[���\�í��]� ��� � �����
��[����\�í��]� ��� � ������
[�í�\���]� ��� � � �����

6ROXWLRQ��)LUVW��ZH�FDQ�PXOWLSO\�HTXDWLRQ�����E\�í��DQG�DGG�LW�WR�HTXDWLRQ������

:H�GR�QRW�QHHG�WR�SURFHHG�DQ\�IXUWKHU��7KH�UHVXOW�ZH�JHW�LV�DQ�LGHQWLW\���� ����ZKLFK�WHOOV�XV�WKDW�WKLV�V\VWHP�
KDV DQ�LQILQLWH�QXPEHU�RI�VROXWLRQV�
7KHUH�DUH�RWKHU�ZD\V�WR�EHJLQ�WR�VROYH�WKLV�V\VWHP��VXFK�DV�PXOWLSO\LQJ�HTXDWLRQ�����E\�í���DQG�DGGLQJ�LW�WR�
HTXDWLRQ������:H�WKHQ�SHUIRUP�WKH�VDPH�VWHSV�DV�DERYH�DQG�ILQG�WKH�VDPH�UHVXOW����� ����:KHQ�D�V\VWHP�LV�
GHSHQGHQW��ZH�FDQ�ILQG�JHQHUDO�H[SUHVVLRQV�IRU�WKH�VROXWLRQV��$GGLQJ�HTXDWLRQV�����DQG������ZH�KDYH��

�[���\�í��]� ����
����[�í�\���]� ����
�������[�í��]� ����

:H�WKHQ�VROYH�WKH�UHVXOWLQJ�HTXDWLRQ�IRU�]���
�������[�í��]� ����

����������������]� �
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:H�EDFN�VXEVWLWXWH�WKH�H[SUHVVLRQ�IRU�]�LQWR�RQH�RI�WKH�HTXDWLRQV�DQG�VROYH�IRU�\��

$QDO\VLV��$V�VKRZQ�LQ�)LJXUH����WZR�RI�WKH�SODQHV�DUH�WKH�VDPH�DQG�WKH\�LQWHUVHFW�WKH�WKLUG�SODQH�RQ�D�OLQH��7KH�
VROXWLRQ�VHW�LV�LQILQLWH��DV�DOO�SRLQWV�DORQJ�WKH�LQWHUVHFWLRQ�OLQH�ZLOO�VDWLVI\�DOO�WKUHH�HTXDWLRQV��

4XHVWLRQ��'RHV�WKH�JHQHULF�VROXWLRQ�WR�D�GHSHQGHQW�V\VWHP�DOZD\V�KDYH�WR�EH�ZULWWHQ�LQ�WHUPV�RI�["��
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