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GreatHearts

Monday, April 20

Calculus Unit: Applications of Integrals
Lesson 1: Rotations About X and Y-Axes

Objective: Be able to do this by the end of this lesson.

1. Explain what the disc method is and how it is used for finding cross sections of rotated solids.
2. Rotate a single function about the x-axis and find the volume of the resulting solid.

3. Rotate a single function about the y-axis and find the volume of the resulting solid.

Introduction to Lesson 1

Today we’re going to take a single function and rotate it 360° about an axis. As we rotate it, we’re
looking at all the three dimensional points it sweeps out. Imagine taking a long-exposure photograph of a
glow stick at night as you wave it sideways. The resulting picture will show all the points in space where
the glow stick has swept. To find the volume when we rotate a function about one of the axes, we again
find the cross section of the solid. The shape of these cross sections will be discs, and so our method of
finding the volume of one of these discs then integrating over the entire solid will be called the disc
method of integration.
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Calculus | — Disc Method Exercises

1)

Let R be the region enclosed by the positive z-axis, the positive y-axis, and the curve y = /0 — =,

y
A
y=+9— z2
— |
R
¢ 0 3 >
-~

A solid is generated by rotating R about the x-axis.

What is the volume of the solid?
Give an exact answer in terms of .



2)
Let R be the region enclosed by the line y = — 1, the line x = 2, and the curve y = 2 1
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Asolid is generated by rotating R about the liney = —1.

Find the exact volume of the solid.



3)

Let R be the region enclosed by the x-axis, the line & = 1, the line = = 3, and the curve y = —.
T

A solid is generated by rotating R about the x-axis.

What is the volume of the solid?
Give an exact answer in terms of .



4)

Let R be the region in the first quadrant enclosed by the y-axis, the line y = 4, and the curve
a
y=zx" +2

Y

A

A
-
]

Asolid is generated by rotating R about the y-axis.

What is the volume of the solid?
Give an exact answer in terms of .



Calculus

April 20-23 GreatHeartS

Tuesday, April 21

Calculus Unit: Applications of Integrals
Lesson 2: Rotating about lines that are not the x or y-axis.

Objective: Be able to do this by the end of this lesson.
1. Find volume using disc method while account for the axis of rotation .

Introduction to Lesson 2

Today we’ll use the same disc method to find the volume of a solid created by rotating a function about
an axis that is not the x or y-axis. Think rotating about the line y = 1, or x = 5. The biggest difference to
pay attention to is the value for the radius of your disc. Think about adding or subtracting quantities to
get the correct radius length.
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Lesson 2 Exercises

Calculus | — Disc Method: Rotating About Other Axes

1)
Let R be the region enclosed by the line y = —1, the line z = 2, and the curve y = z? — 1.

y
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E
W
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A solid is generated by rotating R about the liney = — 1.

Find the exact volume of the solid.



2)

.
Let I be the region to the left of the line x = El and enclosed by that line, the x-axis, and the curve

y = sin(x).
y
A
T
(3:1)
y = sin(x)
R
0
< — > T
2
A

.
A solid is generated by rotating | about the line z = EL

Set up the definite integral to find the volume of the solid. You don’t have to evaluate.



3)

Let R be the region enclosed by the y-axis, the line y = 4 and the curve y = x.

A solid is generated by rotating K about the line y = 4.

What is the volume of the solid?
Give an exact answer in terms of .
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Wednesday, April 22

Calculus Unit: Applications of Integrals
Lesson 3: Finding Volume of Multiple Functions Rotated About an Axis

Objective: Be able to do this by the end of this lesson.

1. Draw three dimensional rotations of multiple functions rotated about an axis.
2. Find the inner radius and outer radius of resulting rotation.

3. Draw a washer to visualize inner and outer radii.

4. Integrate over origin to intersection point of functions.

Introduction to Lesson 3

Today we’re going to find the area between two functions and then rotate that area about an axis. When
we take cross sections of the result, they end up looking like hollowed out discs, or washers. We take the
volume of one cross sectional washer and integrate over the boundaries of the solid in the same way we
did with the disc method. Because of the washer shape, we call this method the washer method.
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Lesson 3 Exercises

Calculus | — Washer Method

1)
Let R be the region enclosed by the line y = —1, the line z = 2, and the curve y = z? — 1.
v
A
0 R
< >z
_/ 2
1
h g

A solid is generated by rotating R about the liney = — 1.

Find the exact volume of the solid.



2)

.
Let I be the region to the left of the line x = El and enclosed by that line, the x-axis, and the curve

y = sin(x).
y
A
T
(3:1)
y = sin(x)
R
0
< — > T
2
A

.
A solid is generated by rotating | about the line z = EL

Set up the definite integral to find the volume of the solid. You don’t have to evaluate.



3)

Let R be the region enclosed by the y-axis, the line y = 4 and the curve y = x.

A solid is generated by rotating K about the line y = 4.

What is the volume of the solid?
Give an exact answer in terms of .
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Thursday, April 23
Calculus Unit: Applications of Integrals
Lesson 4: Quiz on Disc and Washer Methods

Objective: Be able to do this by the end of this lesson.
1. Demonstrate mastery of disc and washer methods of integration.

Introduction to Lesson 4
The last item for this week is to take a quiz over what we practiced. Take a few minutes to review, then
when you’re ready, turn the page to begin the quiz.



Calculus | — Quiz on Disc and Washer Methods of Integration

1)

Let R be the region enclosed by the line & = 1, the line y = 2, the line y = 4, and the curve
P 9
y=(z— 1)

y

A /
4

E
w
]

A solid is generated by rotating R about the linex = 1.

What is the volume of the solid?
Give an exact answer in terms of .



2)

Let R be the region enclosed by the x-axis, the y-axis, the line & = 7 and the curve y = sin(x).

¥
E
y = sin(x)
R
0
< > T
N

A solid is generated by rotating R about the x-axis.

What is the volume of the solid?



3)

Let R be the region enclosed by the z-axis, the line z = 1, the line x = 2, and the curve y = z2.

E
2
/y=x'

\ =

A solid is generated by rotating R about the x-axis.

What is the volume of the solid?
Give an exact answer in terms of .



4)

Let R be the region enclosed by the y-axis, the line y = 2, the line y = 3, and the curve y = /.

v

A

y=+z
3 —
R
Q |
£ > T

w

Asolid is generated by rotating R about the y-axis.

What is the volume of the solid?
Give an exact answer in terms of .



Answer Key

Lesson 1

1)

1/5

2/5

Let's imagine the solid is made out of many thin slices.

Each slice is a cylinder. Let the thickness of each slice be dz and let the radius of the base, as a
function of x, be r(zx).

Then, the volume of each slice is 71'[r(.z'):2 dzx, and we can sum the volumes of infinitely many
such slices with an infinitely small thickness using a definite integral:

b
/ wlr(z))? dx

This is called the disc method.

What we now need is to figure out the expression of T(l‘) and the interval of integration.

Let's consider one such slice.

v
S
y=+9-z
]
€ + s
0 3
w

The radius is equal to the distance between the curve y = 4/9 — a2 and the x-axis. In other
words, for any z-value, 7(x) = +/0 — z2.
Now we can find an expression for the area of the cylinder's base:

wlr(z))?



=7m(9 - z%)

3/5 The leftmost endpoint of R is at x = 0 and the rightmost endpoint is at = 3. So the interval

of integration is [0, 3].

MNow we can express the definite integral in its entirety!

f (7 (9 —2?)] da

3
= ;Irf (9 32) dz
[
4/5 Let's evaluate the integral.

3
'}r[ [:9 1‘2) dr = 187
1]

[Show calculation,]

5/5 In conclusion, the volume of the solid is 18

2)
2
f (rz') dr = 320/5
1]
3)
2/5 Let's consider one such slice.
Y
e
+

1
The radius is equal to the distance between the curve y = — and the -axis. In other words,
T
1
for any x-value, r(z) = —.

Mow we can find an expression for the area of the cylinder's base:

#[r(z)?



e

3/5 The leftmost endpoint of R is at # = 1 and the rightmost endpoint is at = 3. So the interval

of integration is [1, 3].

MNow we can express the definite integral in its entirety!
3w
1 \T
3
=7 f z 2 dr
1

4/5 Let's evaluate the integral.
N 2
T
T rldr=—
1 3

[Show calculation.]

5/5 . 2w
In conclusion, the volume of the solid is ? .

4)

2/5 Let's consider one such slice.

4~

v

The radius is equal to the distance between the curve y = = + 2 and the y-axis. To find it, we

need to solve the equation for z:

=y 2
[Show calculation.]
So, for any y-value, r(y) = /y 2.

MNow we can find an expression for the area of the cylinder's base:

wlr(y)]*

=y -2)

The bottom endpoint of R is at y = 2 and the top endpoint is at y = 4. So the interval of
integration is [2, 4].

Mow we can express the definite integral in its entirety!

4
[ w24
2

4
R
2
Let's evaluate the integral.
4
'rr[ (y—2)dy=2m
2

[Show calculation.]

In conclusion, the volume of the solid is 2.



Lesson 2
1)

Let's consider one such slice.

u

g
y==z 1/

b

L

N
B

u—/ 9
L

+

The radius is equal to the distance between the curve y = a2

other words, for any -value, this is the equation for r(z):

1and theliney = —1.In

Now we can find an expression for the area of the cylinder's base:

wlr(z)]?
= (z?)’

= Tl.'I4

The leftmost endpoint of R is at # = 0 and the rightmost endpoint is at £ = 2. 5o the interval
of integration is [0, 2].

MNow we can express the definite integral in its entirety!

/(; (o) da

2
=;rrf * de
L]

=32n/5



2)

ro| =

-

, T
The radius is equal to the distance between the curve y = sin(x) and the line = = 3 To find

it, we need to solve y = sin(x) for x:

T = arcsin(y)

L T
arcsin[sin(z)] will give us the value in the range '3 ] whose sine is the same as

sin(x). Since x is within that range, arcsin[sin(z)] is equal to z:
y = sin(x)

arcsin(y) = arcsin[sin(z)]

arcsin(y) = x

So, for any y-value, this is the equation for r(y):

r(y) = % arcsin(y)

T
= 3 arcsin(y)

Now we can find an expression for the area of the eylinder's base:
¢ 2
wlr(y)]

- . 2
=7|3 arcsin(y)

The bottom endpoeint of R is at ¥ = 0 and the top endpoint is at y = 1. So the interval of
integration is [0, 1].

Mow we can express the definite integral in its entirety!

ﬁl T IT—QT a:csin[y]l?dy

=1rf01 IT—QT a.rcsin[y]l?dy



3)

Let's consider one such slice.

Y

.

(%]

@
I
B

e >
0 2

The radius is equal to the distance between the curve y = 22 and the line y = 4. In other
words, for any T-value, this is the equation for r{z):

r(z) =4 z’
MNow we can find an exprassion for the area of the cylinder's hase:

wlr(z))?

2

=m (4 x?'}_

= (16 — 82% + z*)

The leftmost endpoint of R is at x = 0 and the rightmost endpeint is at £ = 2. So the interval
of integration is [0, 2].

MNow we can express the definite integral in its entirety!

2
f'a-r(m 8a* + ') dx
) L

2
=;rrf (16 — 822 + =) dx
0

Let's evaluate the integral.

256

2
16 — 82 + z)dx =
?r/[; ( -+ ) 5
[Show calculation.]

256w

In eonclusion, the volume of the solid is 5




Lesson 3
1)

Let's imagine the solid is made out of many thin slices. Each slice is a cylinder with a hale in the
middle, much like a washer.

+

Let the width of each slice be dr, let the radius of the washer, as a function of x, be ry(x). and
let the radius of the hole, as a function of &, be r3 ().

Then, the volume of each slice is 7[(r (z))? — (ra(z))?] dz, and we can sum the volumes of
infinitely many such slices with an infinitely small width using a definite integral:

b

[ @)~ (o) e
a

We call this the washer method.

What we now need is to figure out the expressions for rp(x) and 73 () and the interval of
integration.

r1(x) is equal to the distance from line y = 4 to the x-axis. So, ry(x) = 4.
2

ro(x) is equal to the distance between the curve y = x? and the x-axis. So, ry(x) = z°.

MNow we can find an expression for the area of the washer's base:

w(ri(2))” — (r2(2))’]
=a[(4)" - (=)’]
= (16 — z%)

The leftmost endpoint of R is at = 0 and the rightmost endpoint is at £ = 2. So the interval
of integration is [0, 2].

Now we can express the definite integral in its entirety!

2
f [;Ir (16 $4)] dx
0
Let's evaluate the integral.

1287

fu? (7 (16 — 2*)] dz = =

[Show calculation.]

In conclusion, the volume of the solid is




2)

Let's imagine the solid is made out of many thin slices. Each slice is a cylinder with a hole in the
middle, much like a washer.

v

A

—
~
B

Vv

Let the width of each slice be du, let the radius of the washer, as a function of &, be ry (), and
let the radius of the hole, as a function of , be ry ().

Then, the volume of each slice is 7[(r (z))> — (rz2(x))?] dz, and we can sum the volumes of
infinitely many such slices with an infinitely small width using a definite integral:

b
f'ﬂ'[[?"l[l')}z (ra(z))?] dz

We call this the washer method.

What we now need is to figure out the expressions for v () and r9(x) and the interval of
integration.

r1(x) is equal to the distance from line y = @ to the -axis. So, 71 () = =
ro(x) is equal to the distance between the curve y = z? and the z-axis. So, ry(x) = z2.

MNow we can find an expression for the area of the washer's base:
2 2
wl(r1(z))” — (r2(z))]
] 2,2
=m[(z)” — (=7)7]
=x(z? — z%)

The leftmost endpoint of R is at * = 0 and the rightmost endpoint is at = 1. So the interval
of integration is [0, 1].

Mow we can express the definite integral in its entirety!

ful [r (2 — o*)] de

Let's evaluate the integral.

[Show calculation.]

In conclusion, the volume of the solid is i—:



3)

Let's imagine the solid is made out of many thin slices. Each slice is a cylinder with a hole in the
middle, much like a washer.

~ y=12
\ .

+

Let the width of each slice be dy, let the radius of the washer, as a function of y. be ry (y). and
let the radius of the hole, as a function of i, be 3 (y).

Then, the volume of each slice is w[(ry (y))? — (r2(y))?] dy. and we can sum the volumes of
infinitely many such slices with an infinitely small width using a definite integral:

b
f 7l (@) — ()] dy

We call this the washer method.

r1(y) is equal to the distance from line x = 2 to the y-axis. So, 7 (y) = 2.

r3(y) is egual to the distance from the curve y = z? to the y-axis. To find it we need to solve
the equation for x:

2=

[Show caleulation.]

S0.72(y) = /¥

MNow we can find an expression for the area of the washer's base:
2 2
wl(ri(y)” — (r2())’]
512 2
=a[(2)" - (v¥)]

=m(4d-y)

The bottom endpoint of R is at y = 0 and the top endpoint is at y = 4. So the interval of
integration is [0, 4].

MNow we can express the definite integral in its entirety!

4
f (4 y)]dy
1]

Let's evaluate the integral.

4
ﬁ [ (4 — )] dy = 8



4)
Let's imagine the solid is made out of many thin slices. Each slice is a cylinder with a hole in the
middle, much like a washer.

y

S

g

Let the thickness of each slice be dx, let the radius of the washer, as a function of x, be ry(x).
and let the radius of the hole, as a function of &, be 79 (x).

Then, the volume of each slice is [(m (x))? — (rz(z))?] dz, and we can sum the volumes of
infinitely many such slices with an infinitely small thickness using a definite integral:

b
f’ﬂ'[[ﬁ[-’f)}i (r2(z))*] de

This is called the washer method.

What we now need is to figure out the expressions of 1 (z) and ro (). and the interval of
integration.

1
r1(x) is egual to the distance between the curve y = g:r:? and the line y = 4. So,

1,
rlz)=4— -z

3

r3(x) is egual to the distance between the liney = T and theline y = 4. S0, my(z) =4 — @

Now we can find an expression for the area of the washer's base:

wl(ri(z))* — (ra(x))?]

=x (4 ;19)2 (4-2)

8, 1
:ﬁ[(ls gzhgf) (16 - 8z +27)

=7 (%f‘ 1—31I2 —SI)

The leftmost endpoint of B is at = 0 and the rightmost endpoint is at = = 3. So the interval
of integration is [0, 3].

Now we can express the definite integral in its entirety!

3
f I:?T (lx"t EIQ —BI)] dx
0 9 3



3
1 11 .
= r£ (634 E,Iz —1—81) dx

Let's evaluate the integral.

31 11 . 42
w£ (§31 ?3:2+8:c) dr = Tﬂ-

[Show calculation.]

In conclusion, the volume of the solid is 42???



Quiz Solutions

1)

A
-
L]

+

The radius is equal to the distance between the curve y = (z 1}2 and the line x = 1. To

find it, we need to solve y = (x — 1) for
T = \.-"ﬁ +1
[Show calculation.]

So, for any y-value, this is the equation for 7(y):
rly) =(vVy+1) - (1)

=7

Mow we can find an expression for the area of the cylinder's base:

[r(y)*
=T [v@)i

=Ty

The bottom endpoint of R is at y = 2 and the top endpoint is at y = 4. So the interval of
integration is [2, 4].

Mow we can express the definite integral in its entirety!

4
f(?ry}dy
2
4
=?rf ydy
2

Let's evaluate the integral.

4
:rrf ydy = 6w
2

[Show calculation.]

In conclusion, the volume of the solid is 6.



2)

y
o
y = sin(z)
1]
<
T
+

The radius is equal to the distance between the curve y = sin(x) and the z-axis. In other
words, for any z-value, r{x) = sin(x).

Now we can find an expression for the area of the cylinder's base:

( 2
w[r(z)]
- 2
= (sin(x))
= sinz(.r}
The leftmost endpeint of R is at * = 0 and the rightmost endpoint is at = . So the interval

of integration is [0, 7).

MNow we can express the definite integral in its entirety!

ﬁx :TI' . sinz[:r}] dx

=Jrflsin2(r}d;:
0



3)

Let's imagine the solid is made out of many thin slices.

Each slice is a cylinder. Let the thickness of each slice be dx and let the radius of the base, as a
function of x, be r(x).

. . 12 . o
Then, the volume of each slice is 7[r(z )]~ dx. and we can sum the volumes of infinitely many
such slices with an infinitely small thickness using a definite integral:

fb W[T(I)F dx

This is called the disc method.

Let's consider one such slice.

o

+

The radius is equal to the distance between the curve y = z? and the z-axis. In other words,
for any T-value, () = z°.

MNow we can find an expression for the area of the cylinder's base:

;lr[r'(a_‘]]g



The leftmost endpoint of R is at # = 1 and the rightmost endpoint is at = = 2. So the interval

of integration is [1,2].

MNow we can express the definite integral in its entirety!

2
f (:Irr';)dx
1
2
= ?Tf oide
1

Let's evaluate the integral.
2 31
T ztder ==
1 5

[Show calculation.]

3w
In conclusion, the volume of the solid is ?

4)

Let's imagine the solid is made out of many thin slices.

¥

¢ l >
Notice the slices are horizontal, because we are rotating R about the y-axis. Each slice is a
cylinder. Let the thickness of each slice be dy and let the radius of the base, as a function of y,

be r(y).

»

The radius is equal to the distance between the curve y = ﬁ and the y-axis. To find it, we
need to solve the equation for x:

r=y

[Show calculation.]

So, for any y-value, r(y) = yg.

MNow we can find an expression for the area of the cylinder's base:

wlr(y))?



= ;ry4

The bottom endpoint of R is at y = 2 and the top endpoint is at y = 3. So the interval of
integration is [2, 3].

MNow we can express the definite integral in its entirety!

/; 3 (my*) dy

3
=frf y'dy
2

Let's evaluate the integral.

; 2117
?rf (v*) dy = —
2

[Show calculation. ]

In conclusion, the volume of the solid is



	Calculus Packet 4-20 to 4-23
	Calculus Hand-Written Docs 4-20 to 4-23
	Lesson 1 Exercises - Disc Method
	Calculus Packet 4-20 to 4-23
	Calculus Hand-Written Docs 4-20 to 4-23
	Lesson 2 Exercises - Disc Method Around Other Axes
	Calculus Packet 4-20 to 4-23
	Calculus Hand-Written Docs 4-20 to 4-23
	Lesson 3 Exercises - Washer Method
	Calculus Packet 4-20 to 4-23
	Calculus I Quiz 4-20 to 4-23
	Answer Key Calculus 4-20 to 4-23



