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Monday, May 11

Calculus Unit: Transcendental Functions
Lesson 1: Exponential Change

Objective: Be able to do this by the end of this lesson.

1. Write the exponential growth formula.

2. ldentify its parts.

3. Use the exponential growth formula to solve problems.

Introduction to Lesson 1
Today we’re going to apply Euler’s number to solving problems that involve exponential growth and
decay. The lesson will follow p. 351-353 in your textbook.

Exponential Change .
cience, some positive quantity increases or decreases ata

me ¢ is proportional to the amount that is present at time
11 show that in these instances the amount can be repre-
f the form y = yo €X', where yo is the amount initially

In many instances in s
rate that at any given U
¢. In Section 6.5 we Wi

ion 0
sented by an equation .
present at time t = 0 and k is a constant.

The equation

Y=Y okt (10)

s called the 1aw of exponential change.

Where does this equation come from? While it’s derivation is a Calculus II topic, we can still use it now
to show its power of modelling exponential growth and decay. Let’s turn to a few example problems.

1. In an ideal environment, the mass m of a cell will grow exponentially, at least early on. Nutrients pass
quickly through the cell wall, and growth is limited only by the metabolism within the cell, which in turn
depends on the mas of participating molecules. If we make the reasonable assumption that, at each
instant of time, the cell’s growth rate is proportional to the mass that has already been accumulated, then
write an equation below in the form of the law of exponential change equation above to model the
exponential growth.

2. One model for the way diseases spread assumes that the rate at which the number y of infected people
changes is proportional to y itself. The more infected people there are, the faster the disease will spread.
The fewer there are, the slower it will spread. If y, is the number of infected people at time t = 0, then
what equation can we write to determine the number of people infected at any given time t?

Now take the equation you wrote above and plug in k = 0.3 and 25,000 for number of people initially
infected. How many people will be infected in 2 years?
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Do problems 69-73 odd on p. 354, check your answers in the back of the book, and have a great Monday!



Calculus

May 11 — May 15 GreatHeartS

Tuesday, May 12

Calculus Unit: Transcendental Functions
Lesson 2: Inverse Functions and Their Derivatives

Objective: Be able to do this by the end of this lesson.

1. State what a one-to-one function is. Be able to sketch an example of one.
2. Find the inverse of a function. Explain the process.

3. Graph the inverse of a function.

Introduction to Lesson 2

One-to-One Functions

{\s. you know, a function is a rule that assigns a value from its range to each point
n its domain. Some functions assign the same value to more than one point. The
squares of —1 and | are both 1, and the sines of 7 /3 and 27 /3 are both 1/2.
Other functions never assume a given value more than once. The square roots
and cubes of different numbers are always different. A function that has distinct
values at distinct points is called one-to-one.

DEFINITION

A function f(x) is one-to-one on a domain D if f(x;) # f(x,) whenever
Xy # X2,

1. What is a one-to-one function? Write a definition in your own words using complete sentences below.
Then write a function and sketch its graph of a one-to-one function.

2. Isy =sin x a one-to-one function? Why or why not? Illustrate your point with a sketch.

3. Write and sketch the graph of a function that is not one-to-one.
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Domain of

Range of f

Range of f~! Domain of f !
y=f(x)

x=f(y

6.8  The inverse of a function f sends each
output back to the input from which it came.

x
DOMAIN OF f
(a) To find the value of fat x, we start at x
and go up to the curve and over to the y-axis.

GreatHearts

Inverses

t of ction comes from just one inpyt,
Since each outpu

i aone,
he outputs back to the inputs f =

: ersed to send t om e
on can be reverse : e .S Tom weo
:)l:‘ecyr::r;(c‘ The function defined by reversing @ one-to-one function Sfis e

inverse of £ is f~1, read “finvercan o
the inverse of f. 'I_'l:ci :)rl::!b::‘ fe(:(rpg‘:enti £~ (x) does not mean 1jf (;f (Fig,
i Th;' _ﬁl tlznsﬁggesls. the result of composing f and f = in either order ;g e
idenfi:y ;i‘nc-(lon, the function that assigns Cé.lCh :::;l:)efr to itself. This gives
way to test whether two functions f and g a_r_c l":/;en i :neaanqther. Compy,
fogandgof. If(fog)x) = (80SNx) = JEN ] T8 R TVerses ofy
another; otherwise they are not. If f cubes e;/ery n its domain, hag
better take cube roots or it isn't the inverse o f

a one-to-one fun

What Functions Have Inverses? '

A function has an inverse if and only if it is one-to-one. This means, for exampl,
that increasing functions have inverses agq decreasing funCllo‘ns have inverge
(Exercises 41 and 42). Functions with positive derivatives have inverses becay %
they increase throughout their domains (Corollary 3 of the Mean Yalue Theo.
rem, Section 4.6). Similarly, because they decrease throughout their domains,
functions with negative derivatives have inverses.

How is the graph of the inverse of a function related to the graph of the fun.
tion? If the function is increasing, say, its graph rises fron"n left to right, like the
graph in Fig. 6.9(a). To read the graph, we start at the point x on the x-axis, go
up to the graph, and then move over to the y-axis to read the value of y. If we
start with y and want to find the x from which it came, we reverse the process
(Fig. 6.9b).

The graph of f is already the graph of f ~!, although the latter graph is nat
drawn in the usual way with the domain axis horizontal and the range axis verti-
cal. The input—output pairs are reversed. To display the graph in the usual way,
we have to reverse the pairs by reflecting the graph in the 45° line y = x (Fig
6.9c) and interchanging the letters x and y (Fig. 6.9d). This puts the independent

variable, now called x, on the horizontal axis and the dependent variable, now

called y, on the vertical axis.

Notice that the graphs of f and f ~! are symmetric about the line y = x. This
is to be expected because the input—output pairs (a, b) of f have been reversed
to produce the input—output pairs (b, a) of f ~!. The points (a, b) and (b, a) are

symmetric about the line y = x,

The pictures in Fig. 6.9 tell us how to express f ~! as a function of x, which

is stated at the left.

4. Explain in 1 to 2 complete sentences what an inverse function is.

5. Explain the purpose of an identity function. Give an example of one to support your point.
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6. Does a function that is not one-to-one have an inverse? Why or why not?

7. Explain in complete sentences how to graph the inverse of a function.

8.
Find the inverse of y = }—)‘x + 1, expressed as a function of x.
y

y=2x-2
y=x

'-l
y=ax+1

— X
7 /
7
610 Graphing the functions f(x) =
(Ifx + 1andf~'(x) = 2x — 2 together

sows the graphs” symmetry with respect to
teliney = x.

9. Find the inverse of the functiony = X2, x20, expressed as a function of x.
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y=xix =0

611

130

The functions y = Vxand y = x2,
e inverses of one another.

10. In your own words, what does the derivative rule for inverses mean?

11. Work Examples 5 and 6 on p. 359. Then do 1-11 odd on p. 360.
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Wednesday May 13

Calculus Unit: Transcendental Functions
Lesson 3: Review of Logarithms

Objective: Be able to do this by the end of this lesson.

1.

2. Evaluate expressions using the properties of natural logarithms.

State the inverse of y = e*.

Introduction to Lesson 3

GreatHearts

The inverse of the exponential function e* is called the natural logarithm func-
tion, y = In x. In this section, we study the natural logarithm both as a differen-
tiable function and as a device for simplifying calculations. As we will learn in
the process, every exponential function a* is a numerical power of e* and every
logarithmic function is a numerical multiple of In x. Thus, we can learn nearly
everything we need to know about exponentials and logarithms by studying the

functions y = e* and y = In x.

1

2

. What is the inverse of y = ¢* ?

The Natural Logarithm oSl i
Since f(x) = e* is one-to-one, W€ know that 1 nverse. We cq)) i

inverse the natural logarithm function.

DEFINITION —— ——=

The natural logarithm function y = In x is the inverse of the exponep.
tial function y = e*.

We obtain the graph of y = In x by reflecting the gr:?ph of y = e* across e
line y = x (Fig. 6.16). The domain of In x (range of e*) is the set of positive ez
numbers. The range of In x (domain of e*) is the set of all real numbers. T
graph of In x crosses the x-axis at (1, 0), so In 1 = 0. Also,

lim Inx=—o and limInx =, 1)
x—0 X—w

Because e* and In x are inverses of one another, composing them in cither

order gives the identity function. This gives two useful equations.

The Inverse Equations for e* and In x

Inx —
e Ine)=x (ayx) 0
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3. Use the equations above to evaluate the following exponentials.

eln (2 +1) — e3ln2 —
ex+ln2= e—lll.t Pt
lne3=
anE:
w1y Al
lne = lnesinx
4

e

5.

Solve the €quation e2«

A

=10 for k.
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6.

~

Like the base 10 logarithm you may have studied before, the natural logarithm
has the following arithmetic properties.

TABLE 6.3
Properties of natural logarithms

For any numbers x >0 and y >0,

1. Product Rule: Inxy=Inx+1Iny

2. Quotient Rule: In ;j =lnx—Iny

1 ]
3. Reciprocal Rule: In = —Iny Rule 2 with x = 1

4. Power Rule: InxY=ylnx

7. Use the properties of natural logarithms above to evaluate the following exponentials.

In4+ Insinx =

eeCc Xt +

ln’e/m=

8. Do Exercises 1, 5, 11, and 13 on p. 370. Check your answers in the back of the book.
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Thursday, May 14

Calculus Unit: Transcendental Functions
Lesson 4: The Derivative of y = In x.

Objective: Be able to do this by the end of this lesson.
1. Take the derivative of y = In x.

2. Apply the chain rule to take derivatives of composite natural log functions.

Introduction to Lesson 4
This is the last new topic we’ll cover in Calculus I. We’ve spent a lot of time reviewing exponentials,

discovering e, and reviewing inverse functions and logarithms. We’ll finish off the year learning how to
take the derivative of the natural log function, In x.

The Derivative of y = In x . o

1 in Section 6.2 tells us that the natural logarithm function is .dxff-eren-
'I_‘heorem e it is the inverse of a differentiable function whose derivative is
tla‘l:: :::oa uIs(nowing this, we can calculate what the derivative of the logarithm
ne 2

must be: |
s =Inx e
; Exponemiate both sides.
ey =X
d ) d (x) Take the derivative of both sides.
—— e_\' ==\
= | 4 d du
Ay _ 1 Chain Rule: ‘7: (e¥) =¢ T
P i —
dx ~ .
dy 1 We can divide by €’ because
21_)— = ¢ is never Zero.
x’ .,
-‘D—‘ = l Replacing €' by x.
ar - Tx
d by |
In short, E; (Inx) = 3¢

The Chain Rule extends Eq. (4) to a more general form.

If u >0 is a differentiable function of x, then

—‘i(lnu)=

du
dx dx

A=

1. Try taking the derivative of the following function, then check your answer on p. 364:

% [In (x2 4+ 3)] =

10
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Logarithmic Differentiation

The derivatives of positive functions given by formulas that involve product®
quotients, and powers can often be found more qui i turel

: : . quickly if we take the natt®
logarithm of both sides before differentiating. This enab)l,es us to use the rulesi?

Table 6.3 to simplify the formulas befi i :
6.3 to si : ore differentiating. The process, cal
logarithmic differentiation, is illustrated in the next efample. :

2.

Find dy/dx if y = &2+ D(x + 3)12
S

3. Do Exercises 19, 21, 23, 25, and 41 on p. 370. Check your answers in the back of the book.

11
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Friday, May 15

Calculus Unit: Applications of Integrals
Lesson 5: Minor Assessment

Objective: Be able to do this by the end of this lesson.
1. Demonstrate mastery of the laws of exponents and taking derivatives of exponential functions.

12
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Calculus — Minor Assessment

Evaluate the following exponentials

1) 32 _

2 In Ve =

3) Solve for k.
e?k =4

Take the derivative.

4) y = In 5x
5y=In(x+1)
2
6)y=ln;
y="2%

GreatHearts

Name:

13
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Solutions to Packet

Lesson 1

) S SO i B
69.. L.y g 2
i 71. dt =kp

3. =€ =sfx)=0"x
x) = e* = f(x) = &* L{x) atx = ¢ js r(0)(x-o)+f(0) 1(x)
: = x+1=L(x)=x+1

Lesson 2
| test
1 Yes one-to—one, the graph passes the honzo:lt: -
3. Not one-to—one, the graph fails the horizonta i .
orizontal té .
5. Yes one-to—one the graph passes thezh {=y= —_1 and (2,5) is on the graph of y = f(x) =
o =l x20= x+1xy+ 7
i x 4 = Vx-1.

lwy=1 "00'= "
y-1=:of (x)=\lx+1

1)% thelnverse,x—(y+1) =oy+1=
T = =1+ Vx

(5.2) is on the graph of y = {7
G R o Tl s e
M. fw=(c+ )5 x2-1=y=(x+

the graph of y = f(x) = (1,0) is on the graph of y = f

i(=y=—1i‘j;and(0,1)ism

Lesson 3
1. In7.2
) e o702 by o=INX® 1
) e = ‘nx2=—2 C) elnx-lnyze;n(x/y) X
3 2 s
A 2iVe=21n "2 _ (5)(1
—(2)(5) Ine=1 b) ln(lne°)=ln(elne)=lne=1

2 B
a2
: ) In\e v)=(_x2_y2)'ne=_x2_y2
Ny=2t, 4 Ny _ R

In |
by~ 40) = 5t Ny - 40) 95l=>y—40=951=>y=951+40

Iny Iy =1)_ ¥+ MZ_gx o2
y~ D-2-x4inx=infy-1)=x+inx+n2=inly-1)=x+h2x=e -° e
‘-ax
S € =y-= 2xe +1 k o
) e =>|ne 2k =2 n2=k=In2 b) 1009’003020(7:’__;2:
lnemkq =|n4=>2k|ne ln2 = _ln c) ek/’ooo=a==lnem =""“”1000”“"
“N2=10kine=In2= 10k=IN2=k= 'o'

14
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Lesson 4 i v dy 2
- 2 gy =<t
; 1 - B
19. y=ln5x=:y =g5;=; 21. y_ln(t )=dt t
2 dy
23. y=In %:Insx =y =2 ='% 25.  y=In(6+1)=gq=
3x
4 4 3 3 3
27. y=xT|nx-T's=Y'="3'“x+£4—(1;)-x7=x3'nx+xr_x7=xalnx
29.  y=t(n t)2=o91=(|nt)2+(t)(2)('n t)(‘;)=(ln )%+ 2int
oy Qm ) 4y
. 2
t
n —(1+Inx) (lnx)() % Inx_lnx
33. y=“1+lnx=y = 2 = L
(1 +In x) (1 +1Inx) x(1 + In x)2
3s. =|n(3te")=91= 3“’ —1't
dt B
3te”!
.69 - (e) ()
4
a7 y=|n( 5 9}=%§= (1+99)2 ~ 99+929_826)(1+90) 1
1+e 4 B &
i (1 - ee)z(ee) 1+ 89
14 e®
+e
3. y=in(esc 0 + cot 0) = I¥ _ =C5C 6 cot 8 — csc?p _esce)( )
==CS5CPBcotl-cscd (-csco
de = csc @+ cote csc:c:t:o::sce S
41, y=‘Jx(x+1)=(x(x+1)) =|ny=-ln 2y A
XX+ 1) =210y - =In(x) + In(x + 1) = L=+
. l J\ 3 ( ) y X
= 2) X(x+1) (;4-71 h\+1
= 2
aa uoal_t {1 1R - a1

15



